We consider a simple motivating example of non-Hamiltonian dynamical system with timedependent constraint obtained by imposing rheonomic nonintegrabe Bilimovich's constraint on a freely rotating rigid body. Dynamics of this low-dimensional nonlinear nonautonomous dynamic system involves different kinds of stable and unstable attractors, quasi and strange attractors, compact and noncompact invariant attractive curves, etc. We apply the Poincaré map method to study this cautionary example in order to disambiguate and discover multiscale temporal dynamics, specifically the coarse-grained dynamics which results from fast-scale nonlinear control via nonholonomic Bilimovich's constraint.
Introduction
Consider motion of a rigid body under its own inertia subjected to the rheonomic constraint
where ω = (p, q, r) is an angular velocity vector in the body frame, f (t) is an arbitrary function and a is an arbitrary constant. A system with homogeneous constraint (1.1) was studied by Bilimovich [2] at α = 0 as a rheonomic generalization of the scleronomic Suslov system [14, 12] . In [2] Bilimovich also suggested a physical realization of this time-dependent constraint. According to [2] at α = 0 constraint (1.1) is the so-called ideal or perfect constraint, and we have a dynamical system in three-dimensional phase space with one constraint (1.1) and one integral of motion T = 1 2 (Iω, ω) , (1.2) where I is the inertia tensor of the body. Thus, at α = 0 we have an integrable by quadratures system, see [2, 9] and references within. In this note we suppose that α = 0 and g(t) is a periodic function which allows to study the inhomogeneous Bilimovich system by using the Poincaré map, which is an integral aspect of our understanding and analysis of nonlinear dynamical systems.
In [15] Henri Poincaré laid the foundations of what would become modern dynamical systems. In particular, he proposed to study the three-body problem by using the first recurrence map, or Poincaré map, characterizing intersection of a periodic orbit in the state space of a continuous dynamical system with a lower-dimensional subspace transverse to the flow. Nowadays, the principal method for identifying dynamic behavior of a nonlinear system includes the Lyapunov index method, Poincaré map method, bifurcation theory, etc [13, 16] . In practice it is difficult to explicitly calculate Poincaré maps for thes given dynamical system because there are no general methods for their construction, but the advent of data-driven modeling techniques provides a set of regression techniques, broadly falling under the aegis of machine learning, which can discover and/or fit dynamical models to the time series measurements of a dynamical system [1, 10, 11] .
Dynamics on the Poincaré map preserves many of the periodic and quasi-periodic orbits of the original system, and due to its dimensionally reduced form, it is often simpler to analyze than the original system. This was especially true for celestial mechanics which was ideally suited for analysis via Poincaré maps [15] because Poincaré maps provide for a time scale separation by producing snapshots of dynamics on a sampling scale of the map period. In this note we show that it can be also true for nonholonomic systems with periodic rheoneomic constraints. The Bilimovich system is chosen as a sample toy-model.
Bilimovich system with periodic rheoneomic constraint
Let us take Euler equations of motion
where × denotes a vector product in R 3 , and assume that the body frame is oriented in such way that constraint f = 0 has fixed form (1.1). In this frame inertia tensor I is a symmetric positive definite 3 × 3 matrix. Equations of motion for the constrained system are obtained via the Lagrange D'Alembert principle that yields
where Lagrange multiplier λ is determined on condition that the constraint is satisfied
Here (x, y) denotes the scalar product of two vectors in R 3 . Using the equation of motion we obtain
Equations of motion (2.3) with this λ preserve the quantity p − g(t)q. On the level set p − g(t)q = α we can substitute p = α + g(t)r into (2.3) and obtain a nonautonomous system of equations in the (q, r) planeq = Q(q, r, t) andṙ = R(q, r, t) .
(2.4)
Any periodically forced nonautonomous differential equation can be represented in terms of an autonomous flow in a torus. To achieve this transformation, simply introduce the third variable s(t) = t. The two dimensional system of equations (2.4) then becomes a three dimensional autonomous system defined by equationsq = Q(q, r, s) ,ṙ = R(q, r, s) ,ṡ = 1 .
(2.5)
The flow in this state space corresponds to the trajectory of flowing around a torus with period 2π. This naturally leads to a Poincaré section at s = t 0 . The Poincaré map method is a standard tool to determine stability, chaos and bifurcations for a periodically forced nonautonomous system of differential equations [13, 16] . So, we take periodic functions g(t) = g(t + T ) and numerically solve the system of equations (2.4) with random initial conditions q(t 0 ) = q 0 and r(t 0 ) = r 0 . As a result, we obtain a set of points x k on (q, r)-plane with coordinates
The Poincaré map is a discrete map
Study of autonomous systems usually begins with solving of equations Q(q, r, s) = 0 , R(q, r, s) = 0 , (2.7)
with respect to q and r in order to get equilibrium points (q * i , p * i ) on the (q, r)-plane. In our case equations (2.7) may have two, three or four solutions depending on the parameter values. Existence of a different number of solutions allows us to explore the various Poincaré maps with different kinds of equilibrium points, attractors and strange attractors, compact and noncompact attractive curves, etc.
Two critical points
If I is a diagonal inertia tensor I 12 = I 13 = I 23 = 0 , then equations (2.4) are equal to
If g(t) = g(−t), the equations are invariant with respect to involution
So, trajectories in the manifold of states of motion are grouped in symmetric pairs and, therefore, on the Poincaré maps the attractors and repellers meet in pairs which are symmetrical with respect to the replacement. The two solutions of the corresponding system of equations (2.7) have the following form
,
These solutions are the counterparts of equilibrium points for the Poincaré maps for the periodically forced nonautonomous system (2.4). Below we put g(t) = cos t and t 0 = 0, so that The many points existing outside these two islands are situated in a region through which pass the unstable aperiodic orbits in this section t 0 = 0. If the time derivative of kinetic energy
in the given region of phase space is always greater than zero, then rotation of the rigid body accelerates. If δT is always less than zero, then the rotation attenuates. If δT is alternating, then trajectories of the rigid body in velocity space will be compact. Exact estimation of derivative δT in the given region of phase space is a rather cumbersome task, which can be solvable using the Poincaré map method. For instance, let us consider data from ten random trajectories turning into a noncompact attractive curve in Fig.1A . Results of numerical integration of (2.4) with initial conditions q 0 = 0 and r 0 = 8 are presented in Fig.3 . Thus, the Poincaré map in this region reads as
Although this mapping is not an exact representation of (2.6), it allows us to describe qualitative dynamics of the rigid body under Bilimovich's constraint (1.1). Indeed, we can say that in this region of phase space the first and second components of angular velocity are constants on average, whereas the absolute value of the third component increases. At I 13 = I 23 = 0 equations (2.4) also have only two solutions. According to [9] in this case we can integrate the nonautonomous equations (2.4) in terms of hyperbolic functions at α = 0. In Fig.4A-B we can see quasi attractors for the system of nonautonomous equations (2.5). These quasi attractors have the following Lyapunov exponents
Three critical points
and Lyapunov dimension
The values of Lyapunov exponents λ i and dimension D are independent of the sign of parameter α. This quasi attractor disappears with increase of |α|, and one gets the islands of invariant curves associated with the quasiperiodic solutions and noncompact attractive curve at α = ±0.4, see Fig.5 and Fig.6 . Another way is numerical integration of the equations of motion over a larger interval [0, 2πk], k > 900 without precision loss.
In both cases we can say that absolute values of the angular velocity components increase in proportion to each other.
Four critical points
At I 13 = 0 and I 23 = 00, equations (2.7) have four solutions Let us present a gallery of the Poincaré sections for the following inertia tensor
which is designed to illustrate the origin and destruction of a strange attractor.
In the first stage, periodic trajectories become quasiperiodic trajectories attracting to invariant curve in Fig.7A , which later forms an unstable focus in Fig.7B . Another part of the periodic trajectories form a stable focus and trajectories from an unstable focus or repeller which are attracted to a stable focus or attractor in Fig.7C . For the strange attractor in Fig.8B the Lyapunov exponents are
It is compatible with a fractal dimension of the strange attractor for Hénon map D = 1.26 or Lorentz map D = 2.07.
As above, we can study the noncompact attractive curve given in Fig.9 at α = −0.45. At the interval of k = 0 . . . 60 the best fitting is given by six order polynomials q(t) = −0.0001 t 6 + 0.0146 t 5 + · · · , r(t) = −0.0005t 6 + 0.073
This polynomial fitting is most likely not optimal in the four critical points case, when a strange attractor is present in the Poincaré section.
Conclusion
Mathematically, the motion of the Euler top is described by geodesics of the left invariant metric on rotation group SO(3). Physically, the Euler top is a rigid body moving about its center of mass without any forces acting on the body. It is one of the most studied systems in classical and quantum mechanics.
In [2] Bilimovich imposed a linear rheonomic constraint on the freely rotating rigid body, which preserves total mechanical energy, and as a result obtained an integrable time-dependent non-Hamiltonian system. Mechanical realization of this constraint proposed by Bilimovich is complex and most likely incorrect. Nevertheless, we suppose that classical effects such as free precession of a symmetric top, Feynmans wobbling plate, tennis-racket instability and the Dzhanibekov effect, attitude control of satellites by momentum wheels, or twisting somersault dynamics, have their counterparts in this non-Hamiltonian system.
In this note we discuss the nonlinear counterpart of Bilimovich's constraint, which does not preserve total mechanical energy and which can be interpreted as a rigid body control. The corresponding 3D non-Hamiltonian system with a time depending constraint is reduced to a periodically forced 2D nonautonomous system of differential equations, which allows us to apply all the well-known machinery to study dynamic behavior of this system. We restrict ourselves by computing only a few of Poincaré maps, portraits of quasi and strange attractors, Lyapunov exponents, Lyapunov dimension and acceleration estimates. These computations have highlighted how the Poincaré map can be used to disambiguate and discover multiscale temporal dynamics, specifically the coarse-grained dynamics which results from fast-scale nonlinear control.
Of course, there are many other questions which have to be studied. For instance, the potential avenue for future work could come from applying of the Poincaré maps method and time piecewise feedback control laws on Bilimovich's constraint to stabilization of the limit cycles, to avoidance of areas with chaotic motion (strange attractors), to achievement of areas with acceleration for this periodically forced, non-autonomous, non-Hamiltonian system similar to [3, 4, 5, 6, 7, 8] .
In fact, we find new very instructive example of nonholonomic system similar to Duffing oscillator, Rössler system, RC circuit, driven Brusselator, etc. This model system is related with the freely rotating rigid body in Hamiltonian mechanics, nonholonomic mechanics and control theory simultaneously.
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